A mean-field equation for a passive scalar ͑e.g., for a mean number density of particles͒ in a random velocity field ͑incompressible and compressible͒ with a finite constant renewal time is derived. The finite renewal time of a random velocity field results in the appearance of high-order spatial derivatives in the mean-field equation for a passive scalar. We considered three models of a random velocity field: ͑i͒ a velocity field with a small renewal time; ͑ii͒ the Gaussian approximation for Lagrangian trajectories; and ͑iii͒ a small inhomogeneity of the velocity and mean passive scalar fields. For a small renewal time we recovered results obtained using the ␦-function-correlated in time random velocity field. The finite renewal time and compressibility of the velocity field can cause a depletion of turbulent diffusion and a modification of an effective drift velocity. For a compressible velocity field the form of the mean-field equation for a passive scalar depends on the details of the velocity field, i.e., the universality is lost. For an incompressible velocity field the universality exists in spite of the finite renewal time. Results by Saffman ͓J. Fluid Mech. 8, 273 ͑1960͔͒ for the effect of molecular diffusivity in turbulent diffusion are generalized for the case of a compressible and anisotropic random velocity field. The obtained results may be of relevance in some atmospheric phenomena ͑e.g., atmospheric aerosols and smog formation͒.
I. INTRODUCTION
Turbulent transport of passive scalar ͑e.g., the number density of particles͒ in a fluid flow was studied in a large number of publications ͑see, e.g., Refs. ͓1-6͔͒. The equation for a passive scalar n(t,r), advected by an incompressible velocity field v, is given by
where D is the coefficient of molecular diffusion. Averaging this equation over a turbulent velocity field, Taylor ͓1͔ derived a mean-field equation for a passive scalar Nϭ͗n͘,
where V ϭ͗v͘ is the mean fluid velocity, D T Ӎ͗(␦x) 2 ͘/ is the coefficient of turbulent diffusion, and ͗(␦x) 2 ͘ is a meansquare displacement or dispersion of infinitesimal fluid particles from their original positions for a correlation time of a turbulent velocity field. The mean-field equation ͑2͒ was used in a large number of applications, e.g., to study a turbulent transport in atmosphere and ocean, in astrophysics, and in industrial applications. However, a range of validity and applicability and rigorous justification of Eq. ͑2͒ still remain a subject of research. In particular, it is not clear why the mean-field equation for a passive scalar does not contain high-order spatial derivatives. What is the role of the molecular diffusion? Note that Taylor in his derivation of Eq. ͑2͒ ͑see Ref. ͓1͔͒ neglected the molecular diffusion. It was found by Saffman ͓7͔ that there are small and subtle interactions between turbulent diffusion and molecular diffusion for the mean concentration field. In the first approximation the two processes are additive, but at a more detailed level of description the local smoothing by molecular diffusion acts to reduce the total dispersion.
Later, using different approximate approaches like closure procedures ͑see e.g., Refs. ͓2,5͔͒ the mean-field equation for a passive scalar was derived. However, all these methods do not use an exact solution of Eq. ͑1͒ for a derivation of the mean-field equation. This shortcoming was overcome using the ␦-function-correlated in time velocity field approximation ͓8͔ for incompressible ͑see e.g., Refs. ͓3,4͔͒ and compressible ͑see e.g., Refs. ͓9,10͔͒ flows. An exact solution of Eq. ͑1͒ in the form of the Feynman-Kac formula was used in this approach. Notably, the derived mean-field equation for a passive scalar comprises an additional mean effective drift velocity. The latter is associated either with the compressibility of a low-Mach-number compressible fluid flow or with particle inertia ͓9,10͔. The mean-field equation for a passive scalar derived for the ␦-function-correlated in time incompressible velocity field is in agreement with that derived by other methods. However, it is not clear to what extent it is possible to extrapolate the results obtained using the ␦-function-correlated in time velocity field approximation to the velocity field with a finite correlation time. Note that different methods of the derivation of the mean-field equation yield quantitatively different turbulent transport coefficients ͑see, e.g., Refs. ͓11,12͔͒.
In the present study we consider a random velocity field with a finite renewal time. We derived a mean-field equation for a passive scalar advected by a random incompressible and compressible velocity fields. We showed that the meanfield equation has a more complicated form than the meanfield equation ͑2͒. In particular, the finite renewal time of the random velocity field results in the appearance of high-order spatial derivatives in the mean-field equation for a passive scalar. The criterion of validity of the ␦-function-correlated in time velocity field approximation is found. In all known limiting cases the derived equation recovers previously obtained results for turbulent diffusion.
Note that in Ref.
͓13͔ an exact solution of Eq. ͑1͒ in the form of path integrals was used for calculating a coefficient of turbulent diffusion for incompressible homogeneous and isotropic fluid flow. In the present paper we used the other form of an exact solution for the passive scalar equation for compressible anisotropic fluid flow. In addition, a case of inhomogeneous velocity field is also analyzed. Our results are in agreement with those obtained in Ref. ͓13͔.
II. GOVERNING EQUATIONS
The number density n(t,r) of small particles advected by a turbulent compressible fluid flow is given by
where v is a random velocity field of the particles which they acquire in a turbulent fluid velocity field. Note that "•v 0, which is due to either the compressibility of the fluid or to particle inertia ͑see, e.g., Refs. ͓9,10,14-16͔͒. Equation ͑3͒ corresponds to the conservation of the total number of particles.
The goal of the present study is to derive a mean-field equation for a passive scalar advected by a random velocity field with a finite renewal time. The procedure of the derivation of this equation is as follows.
͑a͒ We use an exact solution of Eq. ͑3͒ in the form of a functional integral for an arbitrary velocity field, taking into account a small yet finite molecular diffusion. This functional integral implies an averaging over random Brownian motions of a particle.
͑b͒ The form of the exact solution used in the present paper allows us to separate the averaging over both a random Brownian motions of a particle and a random velocity field.
͑c͒ The final result by means of a change of variables is rewritten in a form which at zero molecular diffusion (D ϭ0) contains only the Lagrangian displacement of a fluid particles. This allows us to recover a classical result by Taylor for the coefficient of turbulent diffusion.
͑d͒ The derived mean-field equation for a passive scalar generally is an integrodifferential equation. However, when the characteristic scale of variation of the mean passive scalar field is much larger than the correlation length of a random velocity field, the mean-field equation ͑2͒ for passive scalar field for incompressible flow ͓or Eq. ͑4͒ in ͓9͔ for compressible flow͔ is recovered. Now we use an exact solution of the Cauchy problem for Eq. ͑3͒ with an initial condition n(tϭs,x)ϭn (s,x) 
͑10͒
Equation ͑10͒ describes a set of random trajectories which pass through the point x at time t. The Wiener process in Eq. ͑10͒ describes the molecular diffusion ͑i.e., it describes the Brownian motion; see, e.g., Refs. ͓3,4͔͒. Equation ͑8͒ allowed us to derive equations for the mean passive scalar field and its higher moments for a ␦-function-correlated in time random velocity field ͑see, e.g., Refs. ͓9,10,15,16͔͒.
The main difference between solutions ͑4͒ and ͑8͒ is as follows. The function n"s,(t,s)… in Eq. ͑8͒ explicitly depends on the random velocity field v via the Wiener path , while the function n"s,(t,s)… in Eq. ͑4͒ is independent of the velocity v. It is difficult to use the Feynman-Kac formula ͑8͒ for a derivation of equations for the mean passive scalar field and its higher moments in a random velocity field with a finite renewal time. Trajectories in the Feynman-Kac formula ͑8͒ are determined by both a random velocity field and Brownian motion. On the other hand, trajectories in Eq. ͑4͒ are determined only by Brownian motion. As follows from the Cameron-Martin-Girsanov theorem, the transformation from Eq. ͑8͒ to Eq. ͑4͒ can be considered as a change of variables → in the integral ͑8͒ ͑see, e.g., Ref. 
͑13͒
and M ͕•͖ is the path integral taken over the set of Wiener trajectories which connect points (t,x) and (s,y). The mathematical expectation E͕•͖ in Eq. ͑11͒ denotes the averaging over the set of random points Y which have a Gaussian statistics ͑see, e.g., Ref. ͓20͔͒. Here we used the following property of the averaging over the Wiener process:
III. PASSIVE SCALAR IN A RANDOM VELOCITY FIELD
Consider a random velocity field with a finite constant renewal time. Assume that in the intervals . . . (Ϫ,0͔;(0,͔;(,2͔; . . . the velocity fields are statistically independent and have the same statistics. This implies that the velocity field loses memory at the prescribed instants tϭk, where kϭ0,Ϯ1,Ϯ2, . . . . This velocity field cannot be considered as a stationary velocity field for small times ϳ; however, it behaves like a stationary field for tӷ.
In Eq. ͑11͒ we specify instants tϭ(mϩ1) and sϭm. Note that the fields n(m,y) and Q"(mϩ1),m,x,y… are statistically independent because the field n(m,y) is determined in the time interval (Ϫϱ,m͔, whereas the function Q"(mϩ1),m,x,y… is defined on the interval "m,(m ϩ1)…. Due to a renewal, the velocity field as well as its functionals n(m,y) and Q"(mϩ1),m,x,y… in these two time intervals are statistically independent. Averaging Eq. ͑11͒ over the random velocity field yields the equation for the mean passive scalar field,
where N(t,x)ϭ͗n(t,x)͘ is the mean passive scalar field, the angular brackets ͗•͘ denote the ensemble average over the random velocity field, and P͑,x,y͒ϭ͑2 ͒ 3 ͗Q"͑mϩ1͒,m,x,y…͘. In the case of a homogeneous random velocity field P(,x,y)ϭ P(,yϪx). In k space, we obtain
͑see Appendix B͒, where
w(), and we used Feynman-Kac formula ͑8͒. Note that Eqs. ͑17͒ and ͑18͒ are valid also for Dϭ0.
In the case of inhomogeneous random velocity field, Eqs. ͑17͒ and ͑18͒ in r space are given by
P͑,x,i" ͒ϭM ͕͗G",͑x͒…exp͓
͑see Appendix B͒, where "ϭ‫ץ/ץ‬x and the operator exp͓
where the operator " acts only on the function N(m,x). Equations ͑17͒ and ͑19͒ for the mean number density of particles are generally integral equations. In order to use these equations we need to specify the explicit form of the operator P(,x,i") ͑see Sec. IV͒.
IV. MEAN PASSIVE SCALAR FIELD EQUATION
In this section we consider three types of a random velocity field for which an explicit form of the function P can be found.
A. Random velocity field with a small renewal time
In the model of a velocity field with a small renewal time we expand the functions (t,s) and G(,) in a Taylor series of small renewal time ͑see Appendix C͒. Using Eqs. ͑20͒, ͑22͒, and ͑C6͒, we obtain
where
and we considered a statistically homogeneous random velocity field with ͗v͘ϭ0 and ͗b͘ϭ0. Thus an equation for the mean passive scalar field is given by
where v m are the components of the vector v in a Cartesian system of coordinates, f mn ϭ͗v m (t,x)v n (t,y)͘, rϭyϪx, " ϭ‫ץ/ץ‬r, and we used Eqs. ͑C4͒-͑C6͒. Note that for incompressible velocity field (bϭ"•vϭ0) the effective velocity V eff vanishes and the diffusion tensor D mn is given by
The third term in Eq. ͑29͒ describes interactions between turbulent diffusion and molecular diffusion for the mean concentration field. This result was predicted by Saffman ͓7͔ for an isotropic and incompressible random velocity field. In order to compare Eq. ͑29͒ with the result obtained by Saffman ͓7͔, we consider an isotropic and homogeneous random velocity field. The two point correlation function for the velocity field is given by
where FЈϭdF/dr, P i j (r)ϭ␦ i j Ϫr i j , and r i j ϭr i r j /r 2 . Hereafter r is the dimensionless distance which is measured in the units of the integral length scale l 0 , and F(r) and F c (r) are the incompressible and compressible components of the correlation function for the velocity field, i.e., ͗(" 
implies that there is no a mean drift, and Eq. ͑36͒ implies the conservation of the total number of particles ͑see Appendix D͒. An equation for the mean passive scalar field in the model for the random velocity field with Gaussian statistics for the Lagrangian trajectories is given by
͑see Appendix D͒. For small V the operator L can be expanded in a series
For an inhomogeneous random velocity field, the operator L is given by
͑see Appendix D͒, where M ͕͗ m n ͖͘ϭ2W␦ mn , and M ͕͗ m g͖͘ϭϪV m , and M ͕͗ () ͖͘ϭU, and GϭḠ ϩg, and ϭϩ, and Ḡ ϭM ͕͗G͖͘ϭexp(␣), and ϭM ͕͖͗͘, and M ͕͗g͖͘ϭ0, and M ͕͖͗͘ϭ0. Note that " in Eqs. ͑37͒
and ͑40͒ is applied to both fields V and N. Equations ͑37͒ and ͑40͒ imply the conservation law for the total number of particles when Uϭ"W and ␣ϭ Ϫ1 ln(1Ϫ"•V). In the case of a homogeneous random velocity field, Eq. ͑40͒ coincides with Eq. ͑38͒. The drift velocity V is caused by the effect of compressibility.
C. Weakly inhomogeneous random velocity field
We present the operator P(,x,i") in the following form:
implies the conservation law for the total number of particles. On the other hand, Eq. ͑20͒ yields P͑,x,i" ͒ϭM ͕͗G",͑x͒…exp͓
F ϭM ͕͗F͖͘, and Ḡ ϭexp͓Ϫ"•V (eff) ͔. An equation for the mean passive scalar field in the model for the weakly inhomogeneous random velocity field is given by Eq. ͑32͒, where the effective velocity V (eff) and the tensor D mn are determined by means of Eqs. ͑41͒ and ͑42͒, i.e.,
It is seen from Eq. ͑44͒ that compressibility and finite renewal time of the random velocity field cause a depletion of turbulent diffusion. These equations for small molecular diffusion and incompressible fluid flow ͑in which Vϭ0) coincide with those derived by Taylor ͓1͔.
V. DISCUSSION
In the present paper we derived the mean-field equation for a passive scalar ͑e.g., for a mean number density of particles͒ advected by a random incompressible and compressible velocity field with a finite renewal time. Generally, the mean-field equation is an integral equation. We used three models of a random velocity field: ͑i͒ a velocity field with a small renewal time; ͑ii͒ Gaussian approximation for Lagrangian trajectories; ͑iii͒ a small inhomogeneity of the velocity and mean passive scalar fields. For these models an explicit form of the mean-field equation for a passive scalar is found. The finite renewal time of the random velocity field results in the appearance of higher than second-order spatial derivatives in the mean-field equation.
The finite renewal time and compressibility of the velocity field result in a decrease of turbulent diffusion and a modification of an effective drift velocity. For a compressible velocity field the form of the mean-field equation for a passive scalar depends on details of the velocity field model, i.e., universality is lost. In particular, in the model of the random velocity field with a small inhomogeneity of the velocity and mean passive scalar fields, the mean-field equation for a passive scalar cannot be written as an equation of convective diffusion ͓Eq. ͑32͔͒, because the effective drift velocity and gradient of the turbulent diffusion are not separated. On the other hand, in the model of a random velocity field in the Gaussian approximation for Lagrangian trajectories, they are separated. For an incompressible velocity field the universality exists in spite of the finite renewal time. for a weak inhomogeneity of the random velocity and mean passive scalar fields or a weak compressibility of the effective drift velocity V (eff) . The obtained results may be of relevance in some atmospheric phenomena ͑e.g., atmospheric aerosols, cloud formation, and smog formation͒ and turbulent industrial flows. We considered a random velocity field with "•v 0, which is due to, e.g., particle inertia ͑see, e.g., Refs. ͓9,14,16͔͒. The velocity of particles v depends on the velocity of the surrounding fluid, and it can be determined from the equation of motion for a particle. This equation represents a balance of particle inertia with the fluid drag force produced by the motion of the particle relative to the surrounding fluid and gravity force. A solution of the equation of motion for small particles with p ӷ yields vϭuϩWϪ p ͕‫ץ‬u/‫ץ‬tϩ͓(u ϩW)•"͔u͖ϩO( p 2 ), where u is the velocity of the surrounding fluid, Wϭ p g is the terminal fall velocity, g is the acceleration due to gravity, p is the characteristic time of coupling between the particle and atmospheric fluid ͑Stokes time͒, p is the material density of particles, and is the density of the fluid. For instance, for spherical particles of radius a * the Stokes time is p ϭm p /(6a * ), where m p is the particle mass and is the kinematic viscosity. The velocity field of particles is compressible, i.e., "•v 0. Indeed, the equation for the velocity of particles and the Navier-Stokes equation for atmospheric fluid yield "•v
, where P f is atmospheric fluid pressure and we neglected small "•u. The degree of compressibility ϭ͗("•v)
2 ͘ of inertial particles velocity field is given by ϭ12 Re( p / 0 ) 2 , where Re is the Reynolds number.
The inertia of particles results in that particles inside the turbulent eddy are carried out to the boundary regions between the eddies by inertial forces. On the other hand, the inertia effect causes "•vϰ p ⌬ P f 0. In addition, for large Peclet numbers "•vϰϪdn/dt ͓see Eq. ͑3͔͒. Therefore, dn/dtϰϪ p ⌬ P f . This means that in regions where ⌬ P f Ͻ0 there is an accumulation of inertial particles ͑i.e., dn/dtϾ0). Similarly, there is an outflow of inertial particles from the regions with ⌬ P f Ͼ0. When there is a large-scale inhomogeneity of the temperature of the turbulent flow, the mean heat flux ͗u͘ 0. Therefore, fluctuations of both temperature and velocity u of fluid are correlated. Fluctuations of temperature cause fluctuations of pressure of fluid, and vice versa. The pressure fluctuations result in fluctuations of the number density of inertial particles. Indeed, an increase ͑decrease͒ of the pressure of atmospheric fluid is accompanied by an accumulation ͑outflow͒ of the particles. Therefore, the direction of mean flux of particles coincides with that of heat flux, i.e., ͗vn͘ϰ͗u͘ϰϪ"T, where Tϭ͗T f ͘ is the mean temperature of an atmospheric fluid with the characteristic value T * , and T f ϭTϩ. Therefore, the mean flux of the inertial particles is directed to the minimum of the mean temperature and the inertial particles are accumulated in this region, e.g., in the vicinity of the temperature inversion layer ͑for details see Refs. ͓9,16͔͒.
The equation for the mean number density of particles Nϭ͗n͘ has the form of Eq. ͑32͒ after the change V eff →V eff ϩW, where
where ⌳ P ϭ͉" P f / P f ͉ Ϫ1 , Reϭl 0 u 0 / is the Reynolds number, and e m is the unit vector in the direction opposite to the gravity g. Equation ͑46͒ was derived in Refs. ͓9,16͔. The last term in Eq. ͑45͒ describes a depletion of the turbulent diffusion coefficient due to the finite correlation time of a random velocity field. The effective velocity V eff of particles determines a turbulent contribution to particle velocity due to both the effect of inertia and the mean temperature gradient. The ratio ͉V eff /W͉ is of the order of ͉V eff /W͉ϳ͑⌳ P /⌳ T ͒͑ ␦T/T * ͒ln Re ͑for details, see Refs. ͓9,16͔͒, where ␦T is the temperature difference in the scale ⌳ T , and T * is the characteristic temperature. Using the characteristic parameters of the atmospheric turbulent boundary layer ͑see, e.g., Refs. ͓21,22͔͒-the maximum scale of turbulent flow l 0 ϳ10 3 -10 4 cm, the velocity in the scale l 0 , u 0 ϳ30-100 cm/s, and the Reynolds number Reϳ10
6 -10 7 -we estimate the ratio ͉V eff /W͉ and the depletion of the turbulent diffusion coefficient. For particles with material density p ϳ1 -2 g/cm 3 and radius a * ϭ30 m, the ratio ͉V eff /W͉Ϸ0.9 for the temperature gradient 1 K/200 m, where Wϳ10 Ϫ2 a * 2 cm/s, and a * is measured in micrones. For these parameters the coefficient of turbulent diffusion in the vertical direction can be depleted by 25% due to the finite correlation time of a turbulent velocity field. The latter result is in compliance with the known anisotropy of the coefficient of turbulent diffusion in the atmosphere ͑see, e.g., Ref. ͓23͔͒. Thus two competitive mechanisms of particle transport, i.e., the mixing by the decreased turbulent diffusion and accumulation of particles due to the effective velocity act simultaneously together with the effect of gravitational settling of particles. Here we show that Eq. ͑4͒ is a solution of Eq. ͑3͒. We calculate ‫ץ‬n/‫ץ‬tϭ͕͓n͑tϩ⌬t,x͒Ϫn͑t,x͔͒/⌬t͖ ⌬t→0 . ͑A1͒
We consider n(t,x) as an initial condition for solution ͑4͒ for the field n (tϩ⌬t,x) . If the total field n(t,x) is specified at an instant t, then we can determine the total field n(tϩ⌬t,x) at a near instant tϩ⌬t by means of substitutions t→tϩ⌬t and s→t in Eq. ͑4͒. The result is given by n͑tϩ⌬t,x͒ϭM ͕J͑tϩ⌬t,t,͒G ͑ tϩ⌬t,t,͒n"t,͑⌬t ͒…͖,
͑A2͒
where v p and w p are the components of the vectors v and w, respectively, in a Cartesian system of coordinates, (t 2 ,t 1 ) ϭxϩͱ2D͓w(t 2 Ϫt 1 )͔. Now we expand the expansions of the functions J (tϩ⌬t,t,) and G (tϩ⌬t,t,) in a Taylor series for small ⌬t:
where 
Here we took into account the definition of the Wiener process M ͕w m (t)w n (t)͖ϭt␦ mn . This implies that ͉w͉ϳt 1/2 . Now we expand the functions n"t,(⌬t)… in a Taylor series in the vicinity of the point x:
where (⌬t)Ϫxϭͱ2Dw(⌬t). Using the definition of (⌬t), we obtain
Combination of Eqs. ͑A2͒, ͑A5͒, ͑A6͒, and ͑A8͒, and averaging over the Wiener paths , yield the expression for the passive scalar field n(tϩ⌬t,x). Using Eq. ͑A1͒ we obtain Eq. ͑3͒. Thus it is shown that for small ⌬t Eq. ͑4͒ is the solution of Eq. ͑3͒ with the initial condition n(tϭs,x) ϭn(s,x). Now we use the following property of the function J(t,s,): 
͑B3͒
Note that Eq. ͑B3͒ can be obtained directly from the solution given by Eq. ͑4͒ with the initial condition n(s,z) ϭexp(ik•z) at xϭ0. Now we rewrite equation for the function P(,Ϫk) using the Feynman-Kac formula ͑8͒. This yields Eq. ͑18͒. The solution n"(mϩ1),k… also can be rewritten using the Feynman-Kac formula:
n"͑mϩ1 ͒,x…ϭ ͵ exp͑ik•x͒ ϫM ͕exp͑ik• () ͒G͑ ,͒n͑m,k͖͒dk.
͑B4͒
Note that Eqs. ͑B1͒, ͑B2͒, ͑18͒, and ͑B4͒ are also valid for Dϭ0.
In the case of inhomogeneous random velocity field we make a change of variables (x,y)→(x,yϭzϩx) in Eqs. ͑15͒, and use that P(,x,y)ϭ P (,x,zϩx)ϵ P(,x,z) . The Fourier transformation in Eq. ͑15͒ yields 
͑B5͒
In Eq. ͑B5͒ we expand the function P (,x,Ϫq) 
